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Abstract 

We generalize lUusie's result to prove the decomposition of the de Rham com- 
plex with smooth horizontal coefficients for a semistable S'-morphism f : X ^ Y 
which is liftable over Z/p^Z. As an application, we prove the KoUar vanishing 
theorem in positive characteristic for a semistable S'-morphism f : X ^ Y which 
is liftable over Z/p^Z, where all concerned horizontal divisors are smooth over Y. 

1 Introduction 

The decomposition of de Rham complexes is one of the most important results in 
algebraic geometry of positive characteristic, vi^hich has been discovered by Deligne 
and Illusie |DI87] and successfully used to give a purely algebraic proof of the Kodaira 
vanishing theorem. More precisely, let k he a perfect field of characteristic p > 0, and 
W2{k) the ring of Witt vectors of length two of k. Let S be a A;-scheme, S a lifting 
of S over W2{k), X a smooth S'-scheme, and F : X — t- Xi the relative Frobenius 
morphism of X over S. If X has a lifting X over S and dim(X/S') < p, then we have 
a decomposition in D{Xi): 



Later, Illusie |I190] has generalized the above result to the relative case for a 
semistable 5-morphism / : X — )• y to obtain the decomposition of de Rham com- 
plexes with coefficients in the Gauss-Manin systems. Roughly speaking, let E be the 
branch divisor of /, D = X xy E, and H = ©jR*/*^^^/y (log -D/i?) the Gauss-Manin 

system. If / : X — )• y has a lifting / : X — > y over S and dim(X/S') < p, then we 
have a decomposition in DiYi): 



0gr^ n'y^js{\ogE^){n^) ^ F,^'y/si\ogEm. 



In this paper, we generalize Illusie's result to the case where smooth horizontal 
coefficients are taken into account. Roughly speaking, let D be an adapted divisor on 
X, i.e. D consists of three parts: all singular fibers of /, some smooth fibers of / and 
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some smooth horizontal divisors with respect to / (see Definition 12.21 for more details). 
Let HI = ® iK' f {log D/Ea). Then we prove that if / : {X,D) {Y,Ea) has 

a lifting / : {X,D) — > {Y,Ea) and dim(X/S') < p, then there is a decomposition in 
D(Yi) (see Theorem 15.91 for more details): 

0gr^ n'Y^/silogEaim,) ^ F^Q'y/silogEam), 

i 

from which follows the Kollar vanishing theorem in positive characteristic, i.e. 

W{Y,C(S)R'f*u;x/s{D)) = 

holds for any i > 0,j > and any ample invertible sheaf £ on y (see Theorem 16.31 for 
more details). It should be mentioned that the proofs of all of the results in this paper 
follow Illusie's arguments very closely. 

In general, we may put forward the following conjecture, called the logarithmic 
Kollar vanishing for semistable reductions in positive characteristic (see [Ko95i Theo- 
rem 10.19] for the logarithmic Kollar vanishing theorem in characteristic zero): 

Conjecture 1.1. Let X and Y be proper and smooth S -schemes, f : X ^ Y an E- 
semistable S-morphism, and D a simple normal crossing divisor on X containing the 
divisor X Xy E. Let H be a Q-divisor on X such that the support of the fractional part 
of H is contained in D and H ~(Q f*L, where L is an ample Q-divisor on Y . Assume 
that f : {X, D) {Y, E) has a lifting J : {X, D) {Y, E) over S and dim(X/S) < p. 
Then W{Y, Wf^Ox{Kx/s + ^H^)) = holds for any i > and j > 0. 

There are several difficulties in dealing with Conjecture 11.11 First, we need some 
technique to change the Q-divisor argument into the integral divisor argument. Second, 
the situation of the horizontal divisors contained in D or H is complicated. Third, 
the decomposition of de Rham complexes with horizontal coefficients is completely 
unknown. In this sense, all of results obtained in this paper may be regarded as the 
first step to resolving Conjecture II. li 



Notation. We denote the support of a divisor D by Supp(-D), the relative dualizing 
sheaf of / : X ^ y by ujx/yj the divisor defined by x = by divo(x). 

Acknowledgments. I would like to express my gratitude to Professor Luc Illusie for 
invaluable advices and warm encouragement. I am grateful to the referee for pointing 
out some inaccurate places and giving many useful suggestions, which make this paper 
more readable. 
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2 Definitions and preliminaries 

This section is parallel to |I1901 §1], and all proofs follow Illusie's proofs very closely. 

Definition 2.1. Let 5" be a scheme, X and Y smooth S'-schemes, and / : X — > y an 
S'-morphism. Let E dY he a, divisor relatively simple normal crossing over S (RSNC 
for short), and Ex = X Xy E. We say that f : X ^ Y is i?-semistable, or that / has 
a semistable reduction along E, if locally for the etale topology, / is the product of 
S'-morphisms of the following type (i) or (ii): 

(i) pn : A"^ Al, E = 0; 

(ii) h : — > A^., h*y = xi • • • Xn, where A^ = Spec Os[xi, • • • , A^. = Spec Os[y], 
and E = divo(y). 

Definition 2.2. Let f : X ^ Y he an E'-semistable morphism as in Definition 12.11 A 
divisor D C X is said to be adapted to /, if the following conditions hold: 

(i) D admits a decomposition of irreducible components: D = Ex + Da + D^, where 
Da is the sum of the irreducible components of D whose images under / are 
divisors not contained in E, and Dh is the sum of the irreducible components of 
D whose images under / are the whole Y; and 

(ii) D is RSNC over S, is RSNC over Y, and the union of the divisor A := f{Da) 
and E is RSNC over S. 

Remark 2.3. (1) The divisor Ex is adapted to /. 

(2) In Definition 12.21 for any irreducible component Dhi of Dh, the restriction 
morphism flohi '■ D^i ^ y is smooth. 

Definition 2.4. Let / : A ^ y be an E'-semistable S'-morphism with an adapted 
divisor D as in Definition 1.2. For simplicity, denote E + A by Ea- Let O^y^(logD) 
(resp. riy^g (log i?a)) be the de Rham complex of A (resp. Y) with logarithmic poles 
along D (resp. Ea). We define 0^^^ (log L'/E'q), the de Rham complex of A over Y 
with relative logarithmic poles along D over Ea, in the following way: 

Let f]^yy (log D/-Ea) be the quotient of il^y^(log D) by the image of /*$7y^g(log Ea). 
Then by Lemma [231 ^x/y(^°^^/^'^) 

is a locally free sheaf on A of rank d = n — e, 
where n = dim(A/S) and e = dim{Y/S). Let fi*^/y (log D/^E^) = A*0^/y (log D/K) 
and define the differential d by passage to the quotient of that of the complex r2^^g(log D) 

It is easy to see that if / is smooth, then O^^y (log -D/i?a) = ^^x/y -^/i) in the 
usual sense. 

Lemma 2.5. With notation as in Definition \2.4[ there is an exact sequence of locally 
free sheaves of finite type: 

^ f*nl./s{iogEa) ^ nl,/s{^ogD) ^ n],/y{iogD/Ea) ^ o. (2.1) 
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Proof. We have only to prove the statement locahy for the etale topology, so it suffices 
to check for the following three types, where = Spec ©^•[xi, • • • ,Xn] and = 
Spec Os[y]: 

(i) pri : Ayg Ag, where E = fj), A = f/}, pr\{y) = xi, and Dh = divo(x2 • • • Xr) for 
1 < r < n; 

(ii) pri : Ag A^., where E = A = divo(y), prl{y) = xi, Da = divo(xi), and 
Dh = divo(x2 • • • Xr) for 1 < r < n; 

(iii) h : Ag — )• A^, where E = divo(y), h*y = xi ■ ■ ■ Xg, A = ^, and D^ = divo(xs+i • • • Xr, 
for 2 < s < n. 

(i) /*$7y^g(log £'a) is generated by f*{dy) = dxi, ri^^g(logL') is generated by 
dxi,dx2/x2, - ■ ■ ,dxr/xr^dxr+i, - ■ ■ ,dxn,hence fl^yy (log D/E'a) is generated by 
dx2/x2, • • • , dxr/xr, dxr+i, ' ' • , dxn, SO the conclusion is clear. 

(h) f*n\.ig{\ogEa) is generated by f*{dy/y) = dxi/xi, ^^^^{logD) is gener- 
ated by dxi/xi,--- ,dxr/xr,dxr+i, • ' ' ,dxn, hence O^^y (log D/E'^) is generated by 
dx2/x2, • • • , dxr/xr, dxr+1, • • • , dxn, SO the conclusion is clear. 

(iii) f*^Y/g{logEa) is generated by f*{dy/y) = YlUidxi/xi, 17^^^(log D) is gen- 
erated by dxi/xi, • • • ,dxn/xn, hence 

ii 7~i/i7\ /n /^^^ '^^^ \ //-V^ '^^M /-o /^^s+i dXn. 



n],/y{logD/Ea) = . . . , -^)/(5^ 



X\ Xg Xi XgJ-\ Xyi 

so the conclusion is clear. □ 

Remark 2.6. (1) Let /j : — > Yi be Sj-semistable S'-morphisms with adapted divisors 
Di as in Definition 12.21 Let X, Y and / : X — )• y be the external products over S 
of Xj, and fi respectively. Then fi^^y (log L'/E'a) is the external tensor product of 
Q^./y.(log A/-E^aj) over S. 

(2) In the exact sequence ()2.ip . taking the top exterior tensor product gives rise to 
the following canonical isomorphism: /*$7y^_^(log £'a)(8'0^yy (log D/-Ea) — )• f]^y^(logD). 

Since f)^/5(logK) = ^Y/s{Ea). (^^/^(logZ)) = a;x/s(^), we have n%jy{\ogD / Ea) ^ 

^X/Y{Dh)- 

(3) Let f : X' ^ Y' be deduced from / : X F by a base change Y' Y. Pose 

n'j,, /y, {log D'/E'J = n\/y{\ogD/Ea) ®Ox Ox'. (2.2) 

Note that, in general, X' is no longer smooth over S, and that it is no longer possible 
to interpret 0.'-^, iy,{\ogD' / E'^) as a de Rham complex with relative logarithmic poles. 

(4) Let j : U ^ X he the open subset over which / is smooth. Then we have a 
canonical isomorphism: 

n\iy{\0g D/Ea) ^ j.%/y{\0gD\u/Ea). (2.3) 

In fact, for any point s S, Xg — Ug is of codimension at least 2 in Xg, therefore 
I y {\og D / Ea) is the unique prolongation of VL'^ i y {\og D\ij / E a) with components 
being locally free of finite type. 
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Prom now on, let S be a scheme of characteristic p > 0, and f : X ^ Y an E- 
semistable S-morphism with an adapted divisor D as in Definition 12. 2i Let Fx and 
Fy be the absolute Frobenius morphisms of X and Y, which fit into the following 
commutative diagram: 

(2.4) 




where the square is cartesian and the composition of the upper horizontal morphisms 
is equal to Fx- 

The differential d of the complex F^.^^^^ (log -D/E'a) is Cx'-hnear, so we would like 
to calculate its cohomology Ox'-modules by a Cartier type isomorphism. Consider the 
following commutative diagram with cartesian square: 



(2.5) 



where Fx/s '■ ~^ -^i is the relative Frobenius morphism of X over S. 
By |Ka701 7.2], we have the Cartier isomorphism 

: n],^/si^ogDi) ^ n\Fx/s*^x/si^osD)), 

where Di is the pullback of D hy Fs- By adjunction of {Fg, Fs*) and abuse of notation, 
we have the homomorphism 

: n'si^ogD) ^ nHFxM'x/si^ogD)), 




which sends dx (resp. dx/x) to the cohomology class of x^ ^dx (resp. dx/x) in the Cx- 
module T-l^{Fx*^x/s{^og D)). The natural surjective morphism of complexes of Ox- 
modules -Fx*^x/5(^°S ~^ -^x*^x/y -^/-E^a) induces a natural homomorphism 



vr : nHFx.n'x/si'^ogD)) ^ n\Fx,n'x/Yi^ogD/Ea)), 
which kills all cohomology classes of y^'^dy (resp. dy/y), where dy (resp. dy/y) are 

vroC-i : J^^/5(logL») ^ n\Fx,n'x/Yi^ogD/Ea)) 



local sections of /*r2y, ^(log £"0). The composition 



vanishes on /*r2yy^(log i?a), which defines the homomorphism 

: Q],/y{logD/Ea) ^ H^Fx^l^^^/y (log £»/£„)). 
By adjunction of {Fy,Fy*), we have the Cartier homomorphism 

: Q],,^Y(}ogD'/Ea) ^ nHF,n'x/y{logD/Ea)). 
The exterior product gives rise to a homomorphism of graded Ox'-algebras: 

: Q*^, /y {log D'/Ea) ^ n* {F,n\/y {log D/Ea)). (2.6) 
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Proposition 2.7. The homomorphism h2. G\l is an isomorphism. 

Proof. Since ()2.6p is compatible with etale topology and external tensor products over 
S, it suffices to prove the statement for those three types described as in the proof of 
Lemma 12.51 

(i) and (ii) In these cases, / is smooth, hence 0^^^ (log Z)/£'a) = il^^^ (log D/i). 
Thus (|2.6|) is just the usual Cartier isomorphism |Ka701 7.2]. 

(iii) In this case, we can further assume S = SpecFp. The diagram ()2.4p corresponds 
to the following diagram of rings: 



B ^ B' — ^ B 




where A = ¥p[y], B = Fp[xi, • • • ,x„], f*{y) = xi---Xs, FA{y) = and F{x,i) = xf. 
If we identify B with the A-algebra Fp[xi, • ■ ■ , Xn, y]/ {y — xi - ■ ■ Xs), then B' can be 
identified with the ^-algebra Fp[xi, • • • , x„, y]/{y^ — xi • • • x^) since y £ Ais sent to y^. 
Thus B' can also be idGntificci with, the ^-algebra ]Fp[x^, • • • , x^, x^-i-i, * * * , ^^i * * * ^^s]* 
Define Bi = Fp[xi, • • • ,Xs], B2 = Fp[xs+i, • • • ,Xn], B[ = Fp[xf, • • • ,x?,xi • • • x^], and 
B'2 = ¥p[xs+i, ■■■ ,Xn]. Then B = Bi (g) B2, B' = B[ ® B'^, F : B' ^ B factorizes into 
the external tensor product of Fi : B[ ^ Bi defined by the inclusion and F2 : B'2 ^ B2 
defined by the p-th power map, and B ^ B' factorizes into the external tensor product 
of Bj Bj for j = 1, 2, where Bi B[ is defined by Xj H> xf (1 < i < s) and B2 B'^ 
is defined by Xj i-?- Xj (s + 1 < i < n). To prove that ()2.6p is an isomorphism, it suffices 
to prove that 

: ^^/j,{\ogD'/Ea) ^ n^iF^n'B^/j.ilogD/Ea)) (2.7) 

is an isomorphism for j = 1,2. When j = 1, it was proved in |I190t Proposition 1.5]. 
When j = 2, (|2.7p is just the usual Cartier isomorphism [Ka701 7.2]. □ 

Remark 2.8. Note that in case (iii), / is no longer smooth, X' is no longer smooth over 
S and F : X —7- X' is no longer flat. 

3 Decomposition of de Rham complex with relative log- 
arithmic poles 

This section is parallel to [11901 §2], and all proofs follow Illusie's proofs very closely. 

Definition 3.1. Let S" be a scheme of characteristic p > 0. A lifting of S over 'L/p^'L is 
a scheme 5, defined and flat over 'L/p^'L such that 5xgpgj,2/p22SpecFp = 5. A lifting of 
the absolute Frobenius morphism Fs ■ S S over S is an endomorphism F^ : S S 
of S such that F^\s = Fs. A lifting of an iiJ-semistable S- morphism f : X ^ Y 
with an adapted divisor D over S is an ii^-semistable S'-morphism f : X ^ Y with 
an adapted divisor D as in Definition 12.21 such that X S = X, Y S = Y, 
D x^S = D, E x^S = E and f\x = /. We say that /: {X,D) {Y,Ea) is a lifting 
of / : {X, D) — )• (y, Ea) over 5, if no confusion is likely. 
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In this section, let 5 be a scheme of characteristic p > 0, S a lifting of S over 
Z/p^Z, and : 5 — t- S" a lifting of the absolute Probenius morphism Fs : S ^ S over 
S. Let / : X — 7- y be an i?-semistable S'-morphism with an adapted divisor D as in 
Definition [221 and f:{X,D)^^ {Y,Ea) a lifting of / : {X,D) -> {Y,Ea) over S as 
in Definition 13.11 Let Di C Xi be the S'-schemes deduced from D C X hy the base 
change F^, and F : X Xi an 5- morphism lifting the relative Frobenius morphism 
F : X ^ Xi of X over S. 

X — ^ Xi ^ X 




F is said to be compatible with D if F*Oj^^{—Di) = 0^{—pD) holds. Locally for the 

etale topology on X, there exists a lifting F : X ^ Xi compatible with D. Indeed, 
if X is etale over A~ via coordinates {xi, • • • ,Xn} and D = divo(xi ■ ■ -Xr), then there 

exists a unique lifting F such that F*{xi 1) = 5?^ for 1 < i < n. 

We recall the following results from |DI871 4.2.3]. Two compatible liftings Fi,F2 
differ by a derivation 

hi2 = in - Ft)/P : ^\^is{\ogDi) ^ F^Ox. 

In fact, if X is etale over A~ via coordinates {xi, • • • , x„} and D = divo(xi • • • x^), 

then we can write F*(xi 1) = (1 + paij)x^ for 1 < i < r and j = 1, 2. By an easy 
calculation, we have hi2{dxi/xi 01) = — an for 1 < i < r. Furthermore, any lifting 
F compatible with D gives rise to a quasi- isomorphism of complexes: 

■®^x^/si^osDi)[-i] ^ T^pF^n'^^si^ogD), (3.1) 

which is given in degree 1 by = F* /p and prolonged canonically through the exterior 
powers. 

Theorem 3.2. Let f : X ^ Y be an E-semistable S-morphism with an adapted 
divisor D, and f : {X,D) — )• {Y,Ea) a lifting of f : {X,D) (Y,Ea) over S. Let 
Fy/s : y — > 5^1 be a lifting over S of the relative Frobenius morphism Fy/s ■ Y Yi 
of Y over S, which is compatible with the divisor Fa- Then there is a canonical 
isomorphism in D{X' ,Ox')-' 

^{lFy,s) ■■®^X'/Y{'^OZD'/Ea)[-i] ^ T^^Fx/Y*^'x/y{\ogD/Ea), (3.2) 

i<p 

which induces the Cartier isomorphism C^^ h2. b]) on "H*. 

Proof. The proof is analogous to that of jI1901 Theorem 2.2]. It suffices to define, for 
any i < p, 0V jy {log D' / Ea)[-i\ ^ Fx/Y*^'x/y{^ogD / Ea) inducing C'^ on W. 
Since can be deduced from cf)^ by a similar argument to that of |DI871 2.1(a)], we 
have only to define (f?- . The definition of 4>^ is given in three steps. 
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(Step 1 : local case) To define cj)^ , we first suppose that there is a lifting F : X ^ Xi 
of the relative Frobenius morphism F : X Xi of X over S, which is compatible with 
D and compatible with Fy/s in the sense that the square is commutative: 

(3.3) 




The morphism 4>^p : Q,^^^^{log Di)[—1] — ^ F^i}^^g{log D) in (j3.ip . composed with 

the projection of F^:Q*j^^g{log D) onto -F^O^^y (log DZ-Ea) vanishes on the subsheaf 

f^^Y^^ g{log Eai)[— I], therefore by passage to the quotient, it defines a morphism 

il^^^y^ (log Di/£'ai)[— 1] — >■ F^^Q'^^yO-^sD/Ea), and by adjunction, it defines a mor- 
phism 

: n],,^y{logD'/Ea)[-l] ^ F;,/y,l^;,/y(logZ)/ii;„), (3.4) 

which induces the Cartier isomorphism C^^ on Ti^. 

(Step 2: from local to global) Assume that Fj : X ^ Xi are liftings of the relative 
Frobenius of X over 5 for j = 1,2, which are compatible with D and compatible 
with Fy/s- Then the derivation (Fg* — F^)/p : Q\^^^^{log Di) — )• F^^Ox vanishes on 
the subsheaf /f Oy_^y^(log -Eai) by the commutativity of the square (j3.3p . Therefore by 
passage to the quotient and by adjunction, it defines a homomorphism 

hi2 ■■ n]^, /y {log D'/Ea) ^ Fx/y,Ox. 

A calculation analogous to that of |DI871 2.1(c)] shows that (j)2 — cl)\ = dhi2 holds, 
where (p^ are the morphisms (|3.4p associated to Fj for j = 1,2. By a similar argument 
to that of |DI871 2.1(c)], we have a relation of transitivity: hi2 + /123 = ^13 for three 
liftings Fl, i<2, -P3 of the relative Frobenius of X over S. Working on the etale topology 
instead of the Zariski topology on X, we can construct a global morphism (j)^ by the 
procedure of the Cech globalization described as in |DI87|, 2.1(d)]. 

(Step 3: local existence of compatible liftings) We shall prove that locally for the 
etale topology on X, there exists a lifting F : X ^ Xi compatible with D and 
compatible with Fyjg. Keeping the types (i), (ii) and (iii) as in the proof of Lemma 
12.51 in mind, we divide the argument into four cases. 

Case (I): assume divo(y) C A and Fy^^dj (g) 1) = (1 + pa)yP. Then we define 

F*{xi (g) 1) = (1 +pa)X]' and F*{xi (g) 1) = j;^ (i > 2), where xi is the coordinate for 
the fiber over divo(?/), and Xi (i > 2) are the coordinates for the divisor Dh- 

Case (II): assume divo(y) C E and Fy^g{y (g 1) = (1 +pa)yP. Then we define 

F*{xi (g) 1) = (1 + pa)xi and F*{xi (g 1) = (i > 2), where xi is a pre-chosen 
coordinate for the fiber over divo(y), and Xi (i > 2) are the other coordinates for the 
fiber over divo(y) or the coordinates for Dh- 

Case (III): assume divo(y) ^ Ea and FY^g{y (g 1) = y^ + pb. Then we define 

F*{xi (g 1) = + p6 and F*{xi (g 1) = (i > 2), where xi is the coordinate for the 
fiber over divo(y), and Xi {i > 2) are the coordinates for Dh- 

Case (IV): assume that all x, are not the coordinates for the fiber over divo(y). 
Then we define F* {xi 1) = . 
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It is easy to check that F : X ^ Xi constructed above is a hfting of the relative 
Frobenius of X over 5, which is compatible with D and compatible with Fy/s- D 

Remark 3.3. (i) If / is smooth, then the existence of a lifting of (X', D'^) over Y such 
that X' is smooth over Y and D'^ is RSNC over Y , gives rise to the decomposition of 
'r<pFx/Y*^'x/Y^^°^^h)- Moreover, the gerbe of splittings of r<iFx/y*0^/y (log D/i) 

is canonically isomorphic to the gerbe of liftings of {X' , D'^ over Y (see |DI871 4.2.3]). 

(ii) Under the hypotheses of Theorem 13.21 suppose that / is of relative dimension 
< p and H'P^^{X' ly {log D' / Ea)Y) = (this is the case for example if Y is 
affine and / is proper), then Fx/y*r2^^y (log D/ii^a) is decomposable, i.e. there is an 
isomorphism in D(X', Ox') 

^ n\,/y {log D'/Ea)[-i\ ^ Fx/Y*^'x/Yi^OgD/Ea), 

i 

which induces the Cartier isomorphism on T-L^. The proof of the decomposition is 
analogous to that of [Dl87l 3.7(b) and 4.2.3]. 

We shall state some corollaries for fi^^y (log D/E'a) and omit their proofs, which 
are analogous to those in |I190[ §2]. 

Corollary 3.4. Under the hypotheses of Theorem \3.2\. suppose further that f is proper. 
Then 

(i) For any i + j < p, the OY-modules f^^Vf^^jy {log D / Ea) are locally free of finite 
type, and of formation compatible with any base change Z Y . 

(ii) The Hodge spectral sequence E^ = R^ f ^n)^^y (log D/Ea) R.'+^ f ^Q^^y {log D/Ea) 
satisfies E^^ = E'do for any i + j < p. 

(Hi) If f is of relative dimension <p, then (i) and (ii) are valid for any i,j. 

Corollary 3.5. Let K be a field of characteristic zero, S = SpecK, X,Y smooth S- 
schemes, and f : X Y a proper E-semistable S-morphism with an adapted divisor 
D as in Definition \2.^ Then 

(i) The OY-modules R^ f^,0,'^-^^y {log D/Ea) are locally free of finite type, and of for- 
mation compatible with any base change T ^ Y . 

(ii) The Hodge spectral sequence E^ = R^ f ^n)^^y {log D/Ea) =^ f ^QT^^y {log D/Ea) 
degenerates in Ei. 

Corollary 3.6. Under the hypotheses of Corollary \3.4[ suppose further that f is of 
purely relative dimension d < p and S is locally noetherian and regular. Let C be an 
f -ample invertible Ox-'fnodule. Then we have 

Wf,{c-' ^ n)^/y{iogD/Ea)) = 0, yi+j<d, 

Wf.{C{-Dh) ® J^x/y (log D/Ea)) = 0, yi + j>d. 

Corollary 3.7. Under the hypotheses of Corollarv \3.5l let C be an f -ample invertible 
Ox-nT'Odule. Then we have 

Wf,{c-'' n)^/y{iogD/Ea)) = 0, yi+j<d, 

Wf.{C{-Dh) ® J^x/y (log D/Ea)) = 0, yi + j>d. 
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4 Variant with support 

In this section, let S he a scheme of characteristic p > 0, and f : X Y an E- 
semistable 5-morphism with an adapted divisor D as in Definition 12.21 For simplicity, 
denote Ex + Da by D^. Tensoring dMD with pOyi-Ea) = Ox{-D^), we obtain an 
exact sequence of locally free Ox-modules: 

^ rnl./s{Ea,0) ^ n]^/siDv,Dh) ^ n]^/YiDv,Dh) ^ O, (4.1) 

where nl.^g{Ea,0) := l^i^/^Oog K) ® Cy (-K), n]^/s{D^,Dh) := n]^/s{logD) 
Ox{-Dy), and n]^^y{D^,Dh) := n\/y{\ogD / Ea) Ox{-D^). For any i > 0, define 

^'x,y{D,,Dh) = n'x/Y(^ogD/Ea)0Ox{-D,), 

then it is easy to check that (fi^^y D^), d) is a well-defined complex. 

Let Fy be the absolute Frobenius of Y, and F = Fx/y the relative Frobenius of X 
over Y . We have the following commutative diagram with cartesian square: 

X — ^ X' ^ X 




The differential d of the complex F^:0,^^YiDv, Dh) is Ox'-hnear, so we would like 
to calculate its cohomology Ox'-modules by a Cartier type isomorphism. Consider the 
Cartier isomorphism ()2.6p for r2^^y(log D/E'a): 

: Q*^,^Y(}ogD'/Ea) ^ n^F.n'^/Yi'^ogD/Ea)). 

Since F^^^l'^^yi^v, Dh) = F^il^^y (log L'/i^a) <Xi f*Oy{—Ea), tensoring the above iso- 
morphism with f'*Oy{—Ea), we have 

Proposition 4.1. There is an isomorphism of graded Ox'-o-lgebras: 

: n*^,/Y{Dl,D'j^) ^ n*{FM'x/YiDv,Dh)), (4.2) 
which is called the Cartier isomorphism o/ Jl^^y (Dt,, D/i). 
Tensoring ()3.2|) with f'*Oy{—Ea), we have 

Theorem 4.2. iyei f : X ^ Y be an E-semistable S-morphism with an adapted 
divisor D, and f : {X,D) (Y^Ea) a lifting of f : {X,D) {Y,Ea) over S. Let 
Fyjo; '.Y^Yi be a lifting over S of the relative Frobenius morphism Fy/g : Y Yi 

of Y over S, which is compatible with the divisor Ea- Then there is a canonical 
isomorphism in D{X' , Ox')'- 

^{lF,/s) ■■®^X'/Y^D',,D',,)[-i] ^ T^pFM'x/YiD,,Df,), (4.3) 
which induces the Cartier isomorphism i4-^ on W . 
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Remark 4.3. Under the hypotheses of Theorem |T21 suppose that / is of relative di- 
mension < p and HP~^^{X' , {QFj^,^y{D'^, D'f^)Y) = (this is the case for example if 
Y is affine and / is proper), then F^Q'^^yi^v, D^) is decomposable, i.e. there is an 
isomorphism in D{X', Ox')'- 

i 

which induces the Cartier isomorphism C^^ on 'W. The proof of the decomposition is 
analogous to that of [Dl87l 3.7(b) and 4.2.3]. 

We shall state some corollaries for Vt*^iy{Dy, D^) and omit their proofs, which are 
analogous to those in |I190[ §2]. 

Corollary 4.4. Under the hypotheses of Theorem \4.2[ suppose further that f is proper. 
Then 

(i) For any i+ j < p, the Oy-modules f^:i}^-^^y{D^, Dh) are locally free of finite 
type, and of formation compatible with any base change Z ^Y. 

(a) The Hodge spectral sequence E^^ = R^ f^Q^^^y{D^, Dh) =^ R^^-^/^rJ^^y (Dy, D^) 
satisfies E\-' = El^ for any i + j < p. 

(Hi) If f is of relative dimension < p, then (i) and (ii) are valid for any i,j. 

Corollary 4.5. Let K be a field of characteristic zero, S = SpeciC, X,Y smooth S- 
schemes, and f : X ^ Y a proper E-semistable S-morphism with an adapted divisor 
D as in Definition \2.^ Then 

(i) The Oy-modules R^ f^Q^^^y(Dy, Dh) are locally free of finite type, and of forma- 
tion compatible with any base change T Y . 

(ii) The Hodge spectral sequence E^^ = R^ f^Q'^-^^y{Dy, Dh) ^ R^^-'/^Q^yy (Z?^,, Z?/i) 
degenerates in Ei. 



Corollary 4.6. Under the hypotheses of Corollary 14-41 suppose further that f is of 
purely relative dimension d < p and S is locally noetherian and regular. Let C be an 
f -ample invertible Ox-module. Then we have 

R^f4C~^ n)^/y{Dy,Dh)) = 0, V z + j < d, 
Wf,{C{2D, - Dh) f]^/y(Z)„ Dh)) = 0, V i + j >d. 



Corollary 4.7. Under the hypotheses of Corollary \4.5\ let C be an f -ample invertible 
Ox -module. Then we have 

R^f4C~^ n)^/y{Dy,Dh)) = 0, V i + j < d, 
R^f4£{2Dy - Dh) n'x/YiDv,Dh)) = 0, V i + j > d. 
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5 Decomposition of de Rham complex with smooth hor- 
izontal coefficients 

This section is parallel to [11901 §3], and all proofs follow Illusie's proofs very closely. 

In this section, let be a scheme of characteristic p > 0, and f : X ^ Y an 
£^-semistable S-morphism with an adapted divisor D as in Definition 12. 2i Then we 
have the following exact sequence of locally free Ox-modules: 

^ f*nl./si^ogEa) ^ n],/s{logD) ^ n],/y{logD/Ea) ^ 0. (5.1) 

By definition, $7*^^^ (log D/E'^) = A^O,]^^y{logD/Ea) for any i > 0. Then we have 
O^yy (log D/£'a) = Ux/Yi^h) and the de Rham complex {^'-^lyi^og D / Ea) , d) , where 

d : r?^/y(logD/K) ^ n'^ly{\ogD/Ea) 
is the ordinary differential map. 

Definition 5.1. Define M = ^ilV f^9.\jy{\ogD / Ea) to be a graded Oy-module. The 
Koszul filtration of f2^^^(log£)) associated to (|5.1|) is defined as follows: 

K'^*^js[\ogD) = lni{rn\y/s{\ogEa) ® O^/^logZ?) ^ n'x/s{\ogD)). 

Then K*ri^y^(log -D) are subcomplexes of f2^y^(logZ)) and induce a decreasing filtra- 
tion of Q.\ig{\.ogD): 

It is easy to show that K^^-'j^j^ilogD) is locally free for any i^j and the associated 

graded complex gr^ Q^/^(log L>) = K'/K'+^ = /*17^/^(log ^'~iy{\ogD / Ea). 
The exact sequence 

^ K^/K'^ K^/K^ K^/K^ 
is a short exact sequence of complexes: 

^ rn'y/silogEa) n'-/'y{logD/Ea) ^ n'x/s{^ogD)/K^ ^ Q-x/yilogD/Ea) ^ 0, 

which induces a morphism in D{X): 

n\iy{\ogD/Ea) ^ ri^i-/5(logK) ® l^;,/y(logD/ii;„). (5.2) 

Applying ©jR*/* to (j5.2|) . we obtain the Gauss-Manin connection 

V : H ^ ^^y/5(log Ea) <S) H, (5.3) 

and we can show that V is an integrable connection with logarithmic poles along Ea- 
The complex 

J^^/5(log Ea){M) = (M ^ ^^y/5(log K) M ^ • • • ^ f^y/s(log K) » H ^ • • • ) (5.4) 
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is called the de Rham complex of Y over S with logarithmic poles along Ea and 
coefficients in the Gauss-Manin system M. In fact, the Koszul filtration of r2^^^(logD) 
and the derived functor R/* give rise to a spectral sequence: 

= Q'y^gilog Ea) Wf,n'^/y {log D/Ea) K'+'fMx/sO^sD). (5.5) 

Then the de Rham complex r2y^^(log £'a)(E[) is just the direct sum of the horizontal 

lines of E^ and the Gauss-Manin connection V is just the direct sum of the differential 
operators di : E^-^ E^'^^'-^ . 

Variant. By definition, for any i > 0, Q^j)^^g{D^, Dh) = il^^^(log-D) (g) Oxi—D^) and 
n)^^y{D^,Dh) = n)^/y{logD/Ea) Ox{-D^). Define Mt = QiTV f,n-^^y{D^, Dh) to 
be a graded Oy-module. The Koszul filtration of 0,^^g{D^, Dh) associated to ()5.ip is 
defined as follows: 

K'n'x/siDv,Dh) = Imifniy/silog Ea) ® n'-/^^{D,,Dh) ^ n'^/siDv,Dh)). 

Then K^Q*j^^g{Dv, D^) are subcomplexes of Q*^^g{D^, D^) and induce a decreasing 
filtration of ^}^^g(D^, Dh)- 

■ ■ ■ ^ K'n\/s{D,,Dh) ^ K'+'n\/s{D,,Dh) 2 ••• • 

It is easy to show that K^O,-^j^^g{D^, D^) is locally free for any i,j and the associated 

graded complex gi'j^ n'^^^iD,, D^) = KyK'+^ = f*n{./,.(\og Ea) n'-/y{D,, Df,). 
The exact sequence 

^ K^/K^ K^/K'^ K^/K^ 

is a short exact sequence of complexes: 

^ /*Oi,/5(log^,) n'-^\.{D„ Dh) ^ ^'x/s{D,, Dh)/K^ ^ n'^/y{D„ D^) ^ 0, 

which induces a morphism in D{X): 

n'j^/y{D„Dh) ^ rnl./s(}ogEa)<E)n'^/YiD,,Dh). (5.6) 

Applying ©jR*/* to ()5.6p . we obtain the Gauss-Manin connection 

V : ^ 5^y/5(log K) rf, (5.7) 

and we can show that V is an integrable connection with logarithmic poles along Ea- 
The complex 

0^/5(log Ea){M^) = (Mt ^ 17i,/^(log K) ® Ht ^ . . . ^ ^^V/5(log ^a) ^ Ht ^ . . . ) 

(5.8) 

is called the de Rham complex of Y over S with logarithmic poles along Ea and coef- 
ficients in the Gauss-Manin system H^. In fact, the Koszul filtration of Q,^^g(Dy, D^) 
and the derived functor R/* give rise to a spectral sequence: 

El^ = R^+V*(grk^x/5(^-^0) 

= OV/5(logK) ^ RV*S^x/y(^«>^/») ^ R^+V*^^x/5(^->^/^)- (5-9) 
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Then the de Rham complex r2yyg(log £^a)(]H[^) is just the direct sum of the horizontal 

lines of and the Gauss-Manin connection V is just the direct sum of the differential 
operators di : — > El'^^'-' . 

Definition 5.2. The Hodge filtrations of IHI and are decreasing filtrations defined 
respectively by: 

FiPH = lm{@ f, {log D/Ea)^@jK^f,n\/y {log D/Ea)), 
FiPHt = lm{®jWf,n'^'^y{D,,Dh)^®jR'f,n\/y{D,,Dh)), 

which induce the Hodge spectral sequences: 

E\' = WU^f^fy{\ogD/Ea)^n'+^m\/Y{^ogD/Ea), (5.10) 
e"^ = KJU^\,y{D,,Dh)^B}+^m\/Y{D.,Dh). (5.11) 

Note that the Gauss-Manin connection satisfies Griffiths' transverality: 

V(FiPE[') C Jl^/5(log^a) «>FiP"^E[', where ! = null or f, 

hence the Hodge filtration of induces a decreasing filtration of the de Rham complex 
Qyy^(log £'a)(El') by subcomplexes: 

FiP ^Ylsi^Og Ea){^-) = (FiP M- ^ ^^y/5(log Ea) ® Ylf'^ M' ^ 

'■Y/S 



^ n^,JlogEa) Fip-^' M- ^ • • • )• (5.12) 



Assume that the Hodge spectral sequences ()5.10p and (jS.lip degenerate in Ei. Then 
we have 

(Bj Q),/y {log D/Ea) ^ gv'U, (5.13) 

®jW-'f,n'j^/y{D,,Dh) ^ gv'ml (5.14) 

A similar argument to |Ka70j shows that the Gauss-Manin connection V : gr* H' — )■ 
riy^ g{log Ea) (8) gr*""*^ El' can be identified with the cup product by the Kodaira-Spencer 
class c G Ex.tly^{Q\^^y{log D / Ea), f*i^y/g{log Ea)) defined by (|5.ip . For this reason, 
the graded complex of r2yy^(log i?a)(]H[') associated to the Hodge filtration (|5.12p is 
called the Kodaira-Spencer complex: 

gr^ n*y/s(^og Ea){M:-) = (gr^ ^ l^^/5(log Ea) gr'"^ H' ^ 

• • • ^ l^^./5(log Ea) (El gv'-^ M- ^ • • • ), (5.15) 

where ! = null or |. 

Definition 5.3. The conjugate filtrations of IHI and are increasing filtrations defined 
respectively by: 

FiliM = lm{®jWf,{T<in'^/y{logD/Ea))^ejR^f,n\^y{logD/Ea)), 
FiliMt = lm{ejWf4T<in'x^y{D^,Dh))^ej'R^f.n'x/Y{Dv,Dh)), 
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which induce the conjugate spectral sequences: 

cE^ = R' UW{n\/y {log D/Ea))^n'+^Un\/y {log D/Ea), (5.16) 
cE^ = R'hW{a\,y{D,,Dh))^YC+^Un\/y{D,,Dh). (5.17) 
The conjugate filtration is stable under the Gauss-Manin connection, i.e. 
V(Fili]H') C r?i./5(logK) OFiliM-, 

hence the conjugate filtration of induces an increasing filtration of the de Rham 
complex Oyy^(log i?a)(El') by subcomplexes: 

Fili J^^/5(log Ea){^-) = (Fil, ^ ^\/s{^og Ea) ® Fili M- ^ 

• • • ^ ^^i-/5(log Ea) ® Fili M- ^ • • • ). (5.18) 

From the increasing filtration Filj of ily^^(log £'a)(El'), we obtain a decreasing filtration 
Fil_j of Qyy^(log £^a)(Bl'), which gives rise to a spectral sequence: 

E"^ = W+^{gT^,n'y/si'^^sEa){M:-)) W+^{n'y/s{logEa){M'-)), (5.19) 
where ! = null or f . 

From now on, let be a lifting of 5 over Z/p^Z, and : S* — > 5 a lifting of the 
absolute Frobenius morphism Fs S ^ S over 5. We need the following assumptions: 

Assumption 5.4. (i) / : X ^ y is proper and of relative dimension < p; 

(ii) / : {X,D) {Y,Ea) has a lifting /: {X,D) {Y,Ea) over 5; and 

(iii) Fy/g : y — > Yi has a lifting Fy/g ■.Y—t'Yi over S, which is compatible with Ea- 

Under Assumption 15.41 by Corollaries 13.41 and 14. 4t we have that for any 
f:^^l^^^y {log D / Ea) and R^ f^:0,^^^y{Dv, D^) are locally free of finite type, and of 
formation compatible with any base change, and that the Hodge spectral sequences 
()5.10p and ()5.1ip degenerate in Ei. Furthermore, we have 

Lemma 5.5. Under Assumption \5.4\ the conjugate spectral sequences I15.16\) and 
{5.11\) degenerate in E2- 

Proof. It is a direct consequence of the Cartier isomorphism. For the degeneracy of 
()5.16p . we use Proposition 12.71 and the degeneracy of ()5.10p . For the degeneracy of 
(j5.17p , we use Proposition 14.11 and the degeneracy of (|5.1ip . □ 

For convenience of the reader, we recall the following commutative diagram with 
cartesian squares: 




(5.20) 



5 — ^5. 
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In the remaining part of this section, we always assume ! = null or f for H' unless 
otherwise stated. The degeneracy of the conjugate spectral sequences (|5.15p and (|5.17p 
in E2 gives rise to the following isomorphisms: 

gr,M ^ (B.R^-'f.n'in'^/Yi^ogD/Ea)) ^ (BjR'-' fiW {F^Q'^/y {log D/Ea)), 

By the Cartier isomorphisms and the base changes in (|5.2U|) . we have 

gr, M ^ ®jW-'fln'^,/y{\og D'/Ea) ^ ®jF*jsW-'fu^'^^/Y, (log I^i/Ki) 

= gr^ Ml = gr^ Hi Oy , (5.21) 

gr, Ht ^ ®,R'-'mx'/Y{D',, D'„) ^ ejF*^sR'~'fi*^x,/Y, {Dvi,Dhi) 

= F*/s gr' m\ = gr' m\ Oy. (5.22) 

Furthermore, |Ka701 2.3.1.3] shows that the Gauss-Manin connection satisfies Vgr. = 
1 (8) d under the above isomorphisms, hence we obtain the following isomorphism of 
complexes, where the left one is the graded complex associated to (|5.18p . and the 
differential of the right one is 1 (8) d: 

Fy/s* gr, n'y/sC^og Ea){M'-) ^ gv' e'l ® Fy/5,n^/5(log Ea). (5.23) 

Since gr* is locally free, we have the isomorphism for Ei terms in ()5.19p : 

E-'+^'\Fy/s.n'y^si^oS K)(IH'), Fil.) = W{Fy/s* gr,^, ^Y/s{^<^g K)(El')) 

^ gr^-^' Mi ® W{Fy/s,^'y/si}ogEa)) ^ gr^"^' Mi n^^^^ilogEai), 

whose inverse is called the Cartier isomorphism for r2y^^(log £'a)(H'): 

: gr''-^^Mi ^ ni^^^^^ilog Eai) ^ E^'^''\Fy;s,n*y/s{log Ea){M:-),Fil,). (5.24) 

Note that the left hand side of ()5.24p is the j-term in the Kodaira-Spencer complex 
(f5T5]) of Mi on Yi. It follows from [KaTOl 3.2] that the right hand side of (fOij) with 
the differential di up to sign corresponds to the Kodaira-Spencer complex. 

By definition |De72t 1.3.3], the delayed filtration G, = Z?ec(Fil,) associated to the 
conjugate filtration Fil, is an increasing filtration of the complex ^}y^g{logEa){M^'), 
which is defined by 

GiJ7(,/^(logK)(E[') = {xe J7(./^(log^a)0Fili_,-M' | V(x) e Of^J(log ^„)$DFili_,_i M'}. 

Similarly, we have also an increasing filtration of Fy/g^Qy^g{log Ea){M'-) by subcom- 
plexes of Oyj -modules. There is a natural surjective homomorphism 

grf 4/^(logK)(M!) ^ E;'+''\n'y/silogEa){B'-),FiU), 

which is indeed an isomorphism and induces isomorphisms for all r > 1: 

Erin'y/s(.^ogEa){M:-),G,) ^ i?,+i(J)^/5(log£;„)(H'),Fil.). 
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Objective. Under Assumption 15.41 we shall construct a decomposition in D(Yi): 

Fix i < p. For any j > 0, the decompositions in Theorems 13.21 and 14.21 give rise to 
the morphisms in D(X'): 

'^TlFy/s) ■ ^t/y D'/Ea)[-i + j] ^ T<i.jF,n'^/y (log D/Ea), (5.25) 

'^(/k/s) ■ ^X'/YiD',,D'j,)[-i + j]^T<,.jF,n'^^y{D,,Dh). (5.26) 

Applying ®k^^fi to ()5.25p and ()5.26p . we obtain the homomorphisms of Oy-modules: 

u'-^:gv^-m' = mkR'^-^+^fi^r^/^y {log D'/Ea) 

^ Fik_j{(Bk^''f,n'^/Yi^ogD/Ea)) = Fik_jM, (5.27) 

^ ¥\\i^j{®kFC'h^\/Y{D^,Dh))=¥-i\i^jn\ (5.28) 

On the other hand, gives rise to the homomorphism: 

= Fy/sIp J^y,/s(logKl) ^ Z\FY/s.^Y,s{^^ZEa)), 

which, by exterior product, induces the homomorphism: 

: J^i-^/5(log Eal) ^ Z^FY/s.^Ylsi^Og Ea)) C FY/s.^^Y/si^Og Ea). (5.29) 

By adjunction of {Fy^g, Fy/s*) and abuse of notation, ()5.27p and ()5.28p yield the 
homomorphism: 

u'-^ : gr^-^' m[ ^ Fy/s* Fili_j M' . (5.30) 
Combining (j5.29p and (j5.30p . we obtain the homomorphism of Oy^ -modules: 

u'-^ : f^i-^/5(log Ki) ® gr'^^' H- ^ Fy/5,(0^y/^(log K) Fili_, M'). (5.31) 



Proposition 5.6. Under Assumption\5.4\ we have 



(i) The image of ^ is contained in Gj-Fy/5'^,r2yy^(log £'a)(]Hl'), where G, is 
the delayed filtration. 

(a) For any i < p and any j > 0, the following square is commutative: 

nl^^/si^og Eal) ® gr'-' — ® g^'"'"' Hi (5.32) 



Fy/5,(f]^^/^(log K)(]Hl!)) Fy/s*(f^^^)J(log i?,)(IH')), 

where the upper horizontal morphism is the differential map of the Kodaira- 
Spencer complex, (i) and (ii) give rise to a morphism of complexes: 

{v®ur : gr'n''Y^js{\ogEai){^i) ^ GiFY/S.^Y/s{^OgEa){^-). (5.33) 
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( in ) The composition of the morphisms of complexes 



gr^ n'y^/silogEaM 



G,FY,s*^Y/s{^0?>Ea){^-)^ 
{FY,s*^Y/s{^OgEa){^-),¥\\.) 



induces the Cartier isomorphism |5. 24\) for riy^_g(log £'a)(]HI'), hence is a quasi- 
isomorphism. Consequently, the following morphism is a quasi-isomorphism: 

y : 0gr*J7;,^/5(logSai)(IHi) ^ Gp_iFy/s,f)^/5(logK)(EI^ (5.34) 



i<p 



i<p 



The essential point in the proof of Proposition 15.61 is the compatibiHty (ii), which 
is deduced from a more general compatibility in the level of derived category between 
the morphism u and the Gauss-Manin connection V. 

Lemma 5.7. The Koszul filtrations K* of the complexes il^^^(log D) and 0,^^^^{D^, Dh) 
give rise to the short exact sequences of complexes: 



^ gr^i ^'x/si^ogD) ^ K^K^+^n-^^sC^ogD)) ^ gr'j, n^^si^og D) 



^ gr^^ n\/s{D,,Dh) ^ KyK'+'{n\/s{D.,Dh)) ^ grk n'^^siDv,Dh) 

which yield the connecting morphisms d : T{i) — )• T'{i) in D{X), where 

' f*n^/s^\og Ea) f^7/V(log D/Ea) for l^^/5(log D) 
/*OV/5(log Ea) ^ n'-/yiD„Dh) for n*^/s(Dv, D^), 



0, 
■ 0, 



r(z): 
r'{i) 



f*n'+/g(log Ea) n'^/yiiog D/Ea) for ^'x/si^Og D) 
^ f*Q^+ls^\og Ea) ® n'-/y{D,, Dh) for Dh) 

Then for any the following square is commutative: 

T{i) ® T{j) — - (T'ii) r(i)) e (r(i) r'(j)) 



(5.35) 



r{i + j) 



■r'(i + i), 



where the upper horizontal morphism isd'E>l + l^d, and it is the product morphism 
composed possibly with an isomorphism of commutativity. 

Proof. It suffices to prove that the product morphism vr : Q'^^g{log D)i^^l*^^g{log D) — > 
Q^^g{logD) is compatible with the Koszul filtration. Thus we can use the morphisms 
of the corresponding short exact sequences of -fC"'/-fC"'"'"^(r2^^^(log L))(g)J7^^^(log D)) — > 
i^"/i^""'"^(0^y^(log D)) to obtain the conclusion. The proof for Q*^^g{D^, Di^^) is sim- 
ilar. □ 

Applying SfcR''/* to (I05|) . we obtain the following commutative square: 

e{i) e(j) — - (e(i + 1) ® @{j)) e (e(i) e(j + 1)) (5.36) 



e(i + i) 



eit + j + i) 
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where G(i) = Q'y^ g{log Ea){W), the upper horizontal morphism is V 1 + 1 (8) V, and 
TT is the product morphism composed possibly with an isomorphism of commutativity. 
The diagram ()5.36p implies that the complex il^^^(log £'a)(El') is a differential graded 
module over riy^g(log 

Lemma 5.8. For any i < p and any j > 0, the following squares are commutative: 



/i*n^y^/^(log Eai) (S) ^x'/Y, {^ogDi/Eai)[-i + j] ^ /j-n^y+^^aog Eai) ® 5^^//^^ (log Dl/Eal)[-i + j + l] 



f/S. (/* f^y/s(log Ba) Cg> f^^/y (log D/Ea)) 



Fx/s*{r^Y/lOogEa)^n'^^Y(^°sD/Ea)), 



/*0^y^/g(log£;,i) ® (D,i, Dfei)[-i + j] ^ f*n'^Jg{logEai) f^xim (-D„i, + j + 1] 



where are deduced from i5.25\) and 15. 26\) by adjunction of {FY^g,FY/s*)> (md the 
upper and lower horizontal morphisms are deduced from the short exact sequences of 
K^/K^+\n\ig{\ogD)) and / Ki+^{^\fs{D,,Dh)). 

Proof. We only deal with the case for Q^^^(log D). The proof divides into three steps. 

(Step 1: i = l,j = 0) Recah the definition of c/)^ : (log L'7^a)[-1] ^ 

F^,0^^y (log D/i?a) given in Theorem 13.21 We choose an etale covering U = {Ui)i^i of 
X, and a lifting Fi : Ui ^ U[ of F compatible with D for each i E /. On U[, we take 

/, = F*/p : {log D'/Ea)\u'^ ^ F,n\jy{\ogD/Ea)\u'. 

On f/^ = U[r\ Uj, we take 

hij = {F* - F*)/P : n],,/y {log D'/Ea)\u^^ ^ F,Ox\ui^. 
We have the following relations: 

dfi = 0, fj - fi = dhij and hij + hjk = hik- 

The morphism (p^ is the composition of u = {hij,fi) : 0^,^y(logD'/£'a)[— 1] 

F^C{U, Cl'j^^y {log D / Ea)) and the inverse of the quasi-isomorphism F^^l'j^^y {log D / Ea) — 

F^:C {U,Q'j^^y {log D/ Ea)). By adjunction of {Fy^g, Fy/s*) and abuse of notation, we 
have a morphism 



u : 



: n'j,^/y^{logDi/Eai)[-l] ^ Fx/s.C{i^,^x/Yi^ogD/Ea)). 



Similarly, the liftings Ui -4- U[ — > (C/j)i of Fx/s provide a morphism 
ui : 0i,^/5(logl)i)[-l] ^ Fx/5*C(Zi,Q^/5(logZ))). 
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Since C{U,^'j^^g{log D)) coincides with C{U,^'j^^g{\ogD)/K^) in degree < 1, we can 
consider ui with values in Fx/s*C{U, Q*^^g{log D)/ K'^) to obtain a morphism 

m : J7^^/5(logi?i)[-l] ^ Fx/sAi^,^x/s(^^sD)/K^). 

Finally, we take v = Fy^^/p : il^_^^g(log i?ai) FY/s*^Y/si^°sEa)- By adjunction 
of {Fp^g, Fy/s*) and abuse of notation, we have a homomorphism 

V : F^/^O^^/^aogKi) ^ f^^/5(logK). 

Applying /* to the above homomorphism and using the commutativity of (|5.20p . we 
have a homomorphism 

V : F*x/smY,/si^ogEai) ^ rnl^/si^ogEa). 

By adjunction of {Fx/s^ ^x/s*) a-^d the composition with a natural morphism, we have 
a morphism 

V : /roi.^/5(logKi)[-l] ^ Fx/5*(/*f^y/5aogii^a) ®C(Z^,f77/^(logZ)/ii;„))) 

We shall prove that f , and n fit into the following commutative diagram with 
exact rows: 

/i*n^^^g(iogE„i)[-i] ^ ni^^/s(iogDi)[-i] ^ n^j/yj(iogDi/-Eai)[-il ^ o 

w Til u 

^ Fx/s. C{M, /*n^/s(log i3„) ®n:^-^(logD/E„)) ^ Fx/s,C{M,n^/s(logD)/K2) ^ F^/s.C'CW, O^^^ (log D/B„)) ^ o 

q.i. q.i. q.i. 

^ Fx/ s,( f nl^/ sii°S Ea) ^ n'^-^Y(loe D / Ea)) s- Fx/s.Cnx/sCog'Dj/K^) ^ Fx/s,ri'x/Y(i°sD/E^) ^ o. 

Since v = (0, f^), ui = {h^, f^) and u = {hij, fi), the upper diagram is commutative. 
The lower one is a quasi- isomorphism of short exact sequences of complexes. The 
morphism of distinguished triangles defined by this diagram gives the commutativity 
of the diagram in Lemma 15.81 for the case i = 1, j = 0. 

(Step 2: j = 0) Recall that cp^ {1 < i < p) is deduced from (p^ by the composition: 

where tt is the product map and a is the antisymmetrization map 
a(xi A • • • A Xj) = ^ ^ sgn(cr)x^(i) A • • • A x^(j). 
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Consider the following diagram: 



al J 



(iogDi/^,i)H + i] 



10a 



,y^(logZ?i/Ki)®n-i] -/rf^^ .^(logKi) ® (Sl\:y^{\ogD^lEax)T'-\-i + 1 



(</,l)S 



i"x/5*(/*f^W5(log^a) ^ (J^^/y(logZ?/ii;a))®'-^: 



FxlsSl'xlyi^OgDjEa) 



Fx,s*{r^\,s{'^<^^Ea)®n'^/y{\ogD/Ea)), 



where the horizontal morphisms from top to bottom are d, ® ■ ■ ■ ® d ® ■ ■ ■ ® 1), 
S -^x/s*(l ®---®d®---®l) and Fx/s*d respectively. Since the map a is compatible 
with the Koszul filtration, we obtain the commutativity of the upper diagram. The 
commutativity of the mediate one follows from (Step 1), and the commutativity of the 
lower one follows from Lemma 15.71 

(Step 3: general case) It follows from (Step 2) since r2y^^(log -E'a)(IHI') is a graded 
differential module over f]y^^(log E'a)- 



□ 



Proof of Proposition 15.61 By applying ©fcR'^/i* to the diagrams in Lemma [5.81 we 
obtain the commutativity of the diagram ()5.32p . By definition, the image of 



is already contained in Fy/s^i^Y/sO-og Ea) (8) Filj_j H-). Since (|5.32p is commutative, 
we have 



V(Im(t;^' u'~^)) C Im(w^'+i 



/-^■-i) C FY/s.i^P/li^ogEa) Fili_,_i : 



hence Im{v^ (g) u* C G i Fy / g ^:^}y [log E a) (E.-) by the definition of Gj. By construc- 
tion, gr* 17y^^^(log Eai)(E^\) grp Fy/g^^ly^^ {log i?a)(]Hl') is a quasi-isomorphism, which 
implies that ()5.34p is a quasi-isomorphism. □ 

Furthermore, we can eliminate the hypothesis (iii) in Assumption 15.41 to obtain the 
following main theorem in this paper for ! = null or |. 

Theorem 5.9. Let f : X ^ Y be an E-semistable S-morphism with an adapted divisor 
D, and J: {X,D) {Y,Ea) a lifting of f : {X,D) {Y,Ea) over S. Assume that f 
is proper and dim(X/y) < p. Then for any i < p, we have a morphism in D{Yi): 



y.gr' ^}'y^/si^ogEai){B',) ^ GiFy/s,n'y/s{logEa){E^- 



f 



(5.37) 



such that the composition of ^5.37 ) with the projection onto gif is a quasi-isomorphism, 
which is the Cartier isomorphism \5.24^ . 

Furthermore, for any i < p, we have an isomorphism in D{Yi): 

^ = Y.^ '■ 0g^' ^^n/5(logKi)(IHi) ^ GiFy,s,0.'y,s{'^OgEa){^-). (5.38) 

3<i i<« 
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For any i > dim{X/S), we /laue gr* O^y^(log i?a)(H') = 0. Consequently, ifdim{X/S) < 
p, then \5. 38]) gives rise to a decomposition in D(Yi): 

: 0gr^J]^^/5(logi?,i)(IHi) ^ FY,s.^Y/s{^ogEa){^-). (5.39) 

i 

Proof. Since a lifting of the relative Frobenius morphism Fy/s '-Y always exists 

locally, Proposition 15.61 is indeed a local version of Theorem 15. 9[ The idea of the 
proof is to use Proposition 15.61 to obtain a coherent system of local splittings for 

Gp_lFy/5,0^/^(l0gK)(IH^ 

Take an etale covering lA = {Ui)i^i of Y . By Proposition 15. 6^ on Ui for any 
i E I, there is a splitting {vi,Ui) of Gp_iFy/5^,r2y^^(log i?a) (El') where Vi,Ui are 
defined as in (f5:29|) and (fOHl) (see [IIMl 4.19] for the notion "splitting"). By a similar 
argument to that of |I190t Proposition 4.3], on Uij = Ui H Uj for any pair {i,j), there 
is a homomorphism hij : r2y^^^(log£'ai)|c/iji ~^ PY/s*^Y\Uij, such that the following 
conditions hold: 

Vj — vj = dhij on Uij , 
hij + hjk = hik on Uijk, 
Uj — = {uihij) o d on Uij for n < p, 

where in the third equality, d : gr"]H^ eo<m<n gr"""^ (g) r'^Q^^^^(log £^ai) is the 
differential map of the complex NC{gv* M\) defined as in |I190|, (4.1.7)], Uihij is given 
by {uihij){x a) = Ui{x)hij{a), and the map hij : r'"r2y^y^(log £"01) — > Fy/s^Oy on 

Uij is defined by the polynomial map x^"^'^ 1— )• hij{x)'^/m] for x € ^lyj^^gilogEai) (note 
that rOy^^^(log -Eai) is the divided power algebra of r2y_^^^(log £"01)). 

Thus Gp_iFy/5*f2y^_5(log £a)(lHl') has a coherent system of local splittings {U = 
(Ui), (vi), {ui), (hij)). It follows from [11901 Theorem 4.20] that there exist morphisms 
(|5.37p satisfying all of the required properties. □ 

Corollary 5.10. Let f : X Y be an E-semistable S-morphism with an adapted 
divisor D. Assume that f is proper and g : Y ^ S is proper. Assume that f : 
{X,D) {Y,Ea) has a lifting f : {X,b) {Y,Ea) over S and dim(X/5) < p. Then 
the Hodge spectral sequence for ilyy^(log -Ea)(IHl') and Hg^, degenerates in Ei: 

El^ = B!+^g, gr* ^'y/^i^og Ea){B'-) ^ B}+^ g.^'y/^i^og Ea){B'-), 

and each E^^ is locally free of finite type, and of formation compatible with any base 
change. 

Proof. We can use the decomposition ()5.39p and an analogous argument to |DI871 
4.1.2] to complete the proof. □ 

Corollary 5.11. Let K be a field of characteristic zero, S = Spec iiT, X,Y proper 
and smooth S-schemes, and f : X ^Y an E-semistable S-morphism with an adapted 
divisor D. Then the Hodge spectral sequence for r2y^_5(log £'a)(E[') degenerates in Ei: 

E^ = ^^+^{Y,gT^a'y/s{\ogEa){^-)) ^ ^'+\Y,Q-yjsi^ogEa){^-)). 

Proof. It follows from Corollary 15.101 and the standard argument using the reduction 
modulo p technique (see |DI871 2.7] and [1196] ). □ 
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6 Applications to vanishing theorems 

In this section, let A; be a perfect field of characteristic p > 0, and W2{k) the ring of 
Witt vectors of length two of k. There are some applications of the main theorem to 
vanishing theorems. 

Theorem 6.1. Let S = Speck, S = SpecW2{k), and X,Y proper and smooth S- 
schemes. Let f : X ^ Y be an E-semistable S -morphism with an adapted divisor D, 
and C an ample invertible sheaf on Y. Assume that f : {X,D) {Y,Ea) has a lifting 
f : {X,D) — )• {Y,Ea) over S and dim{X/S) < p. Then we have 

lV+\Y,C(^gY'9.'yig{\ogEa){^-)) = for any i + j > dim(y/5), (6.1) 
U'+HY,C~^ ® gr* Jly/5(logK)(IHl')) = for any i + j< dimiY/S). (6.2) 

Proof. We use an analogous argument to those of |DI871 2.8] and |I1901 Corollary 4.16]. 
Let Ai be an invertible sheaf on Y. Define 

h'^{M) = dimW+^{Y,M®gi'n'y^si^°sEa)iM-))- 
Then for all n, we have 

h'^{M) < J2 h'^M''). (6.3) 

i+j=n i+j=n 

Indeed, denote by A^i the inverse image of on Yi, then we have M.^ = Fy^gMi- 
The Hodge spectral sequence 

El^ = W+HYi,Mi®FY/s*gr'n-y/si^osEa)iB'-)) 
=> W+^{Yi,Mi ® FY/s*^Y/si^ogEa){B'-)) 

gives rise to the inequality 

dimH"(yi,Ali0Fy/s,O^/5(logi?a)(M')) < h'^{MP)- 

i+j=n 

On the other hand, by the decomposition ()5.39p . we have 

dim H" (Yi , 1 J7 (log ) (M- ) ) 
= Yl dimff+^(yi,Mi®gr*J7^^/5(logi?,i)(]HI^))= ^ h'^iM), 

i+j=n i+j=n 

which proves (|6.3p . 

Next, we shall prove h^^{C^ ) = for sufficiently large and for all i + j > 
dim{Y/S). The stupid filtration of the Kodaira-Spencer complex 

gr* f^^/5(log Ea){B'-) = (gr^ ^ ^y/si^og E^) gr'-' M' ^ • • • ) 
gives rise to the following spectral sequence 

E^ = H'iY,CP'' ®n'y,s{logEa)0gT'-'M') ^ W+'{Y,CP'' ®gr^n'y,s(,logEa){M:-)). 
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We focus on those terms with r+s = i+j > dim(y/S'). If s = then 0^y^(log Ea) = 0. 
If s > then the choices of r and s are finite. By the Serre vanishing theorem, we can 
choose N sufficiently large such that E^^ = for all r and s, hence h^^{C^ ) = holds 
for all i + j > dim(y/S'). Thanks to (j6.3|) . we obtain the vanishing (j6.ip . 

By a similar argument, we can prove h^^{C~^ ) = for N sufficiently large and for 
all i+ j < dim(y/5'). Thanks to ()6.3p . we obtain the vanishing ()6.2p . □ 

Corollary 6.2. Let K he a field of characteristic zero, S = Specif, and X,Y proper 
and smooth S-schemes. Let f : X ^ Y be an E-semistahle S-morphism with an 
adapted divisor D, and C an ample invertible sheaf on Y . Then we have 

H'+HY, C (E) gr* ni.^gilogEa){M-)) = for any i + j > dim(y/5), 
gr* 0^/5 (log Ea)(H')) = for any i + j < dim(y/5). 

Proof. It follows from Theorem 16.11 and the reduction modulo p technique. □ 

Theorem 6.3. Let S = Speck, S = SpecW2{k) and X, Y proper and smooth S- 
schemes. Let f : X Y be an E-semistable S-morphism with an adapted divisor D, 
and C an ample invertible sheaf on Y. Assume that f : {X,D) {Y,Ea) has a lifting 
f : {X,D) —7- {Y,Ea) over S and dim{X/S) < p. Then we have 

H\Y, C Wf,ujx/s{D)) = and H\Y, L ® W f,LOx/s{Dh)) = 

for any i > and j > 0. 

Proof. Suppose dim{X/S) = n, dim(X/y) = d and dim(y/S') = e. 

(1) Consider gr" ilyy^(log £'a)(EI), whose k-th component is 

n^y/silogEa) ® gr"-'=EI = n^y/silogEa) ® {®iR'-'^+''f,iV'-j^y{\ogD/Ea)). 

Since r2y^g(log -Ea) = for any k> e and y {log D / Ea) = for any k < e, we have 

gv^n'y/s{^ogEa){M) = UJy/s{Ea)®{®lR'-''f,UJx/Y{Dh))[-e] 
= (+k>oR^f*^^x/s{D)[-e]. 

In Theorem 16. 1^ taking i = n and r = i + j — e > 0, we have 

H'-iY, C ® R'^f.ux/siD)) = 0, i.e. 

k>0 

H''{Y, L R^f^LOx/siD)) = for any r > and A: > 0. 

(2) Consider gr" ilyy^(log £'a)(IH^), whose k-th. component is 

f)^/5(logSa) ® gr^-'^Mt = n'y/si^ogEa) (e,i?'-"+V*f^x7y(^-^^))- 

Since $7y^g(log Ea) = for any k > e and Q^^ylD^, Dh) = for any k < e, we have 

gr" n'y/si^ogEa){M^) = ujY/s(.Ea) ® {®iR'~''f,uJx/Y{Dh - D,))[-e] 

= (+k>oR^ f*^x/s{Dh)[-e]. 



24 



In Theorem 16. H taking i = n and r = i + j — e > 0, we have 

0F^(y,/: ^ R''f,ux/s{Dh)) = 0, i.e. 

k>0 

H''{Y, C R^f^uJx/siDh)) = for any r > and A; > 0. (6.4) 

□ 

In order to give further apphcations, we need the following definition [XielOl Defi- 
nition 2.3]. 

Definition 6.4. Let X be a smooth scheme over k. X is said to be strongly liftable 
over 14^2 (fc)) if the following two conditions hold: 

(i) X is liftable over W2{k); and 

(ii) there is a lifting X of X, such that for any prime divisor D on X, (X, D) has 
a lifting over W2{k), where X is fixed for all D. 

It was proved in [XielOj and [Xiell] that A^, P^, smooth projective curves, smooth 
projective rational surfaces, certain smooth complete intersections in F^, and smooth 
toric varieties are strongly liftable over W2{k). As a consequence of Theorem VS.'6\ we 
can obtain some vanishing results for certain strongly liftable varieties. 

Corollary 6.5. Let X = ^(A, k) he a smooth projective toric variety associated to a 
fan A with char(/c) = p > dimX, Y a smooth projective variety over k, f : X ^ Y 
an E-semistahle morphism with an adapted divisor D, and C an ample invertihle sheaf 
on Y. Then f : {X,D) {Y,Ea) has a lifting f : {X,D) {Y,Ea) over W2{k). 
Consequently, we have 

W{Y, C Wf^ujx{D)) = and W{Y, C R^f^ujx{Dh)) = 

for any i > and j > 0. 

Proof. Let H he a general very ample effective divisor on Y and F = f^^(H) the 
divisor on X. By [Xielll Theorem 3.1], X is strongly liftable, hence there are a lifting 
X = X{A,W2{k)) of X = X{A,k) and a lifting D + FcXofD + FcX over 
W2{k). More precisely, let G be a torus invariant divisor on X determined by the data 
{u{a)} € l^m M/M{a) such that G is linearly equivalent to F. Then we can construct 

a torus invariant divisor G on X determined by the same data {u{a)} € lim M/M{a) 

and prove that the natural map H^{X,G) — > H^{X,G) is surjective. Thus we can 
take a lifting F of F such that F is linearly equivalent to G. 

By definition, the linear system \F\ is base point free, hence so is \G\. By |Fu931 
Page 68, Proposition], the continuous piecewise linear function on [A] defined in 
|Fu931 Page 66] is upper convex. Since the functions TpQ and ipc are the same, is 
also upper convex. Thus the linear system \G\ is base point free, hence so is \F\. Thus 
the linear system \F\ defines a VF2(/c)-morphism f : X ^Y. 

It is easy to verify that y is a lifting of Y and / is a lifting of / over W2{k). 
By [EV921 Lemmas 8.13, 8.14] or [Xielll Lemma 2.2], D is relatively simple normal 
crossing over W2{k). Hence we can verify that f : X Y is an E'-semistable morphism 
and D is adapted to /, which imply that / : {X,D) {Y,Ea) is a lifting of / : 
{X, D) (y, Ea) over W2{k). By Theorem 16. 3t we obtain the required vanishings. □ 
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Corollary 6.6. Let X be a smooth projective rational surface over k with char(A;) = 
p > 3, f : X ^ Fj, an E-semistable morphism with an adapted divisor D, and C an 
ample invertible sheaf on P].. Then f : {X,D) — )■ (Y, Ea) has a lifting f : {X,D) — > 
(Y,Ea) overW2{k). Consequently, we have 

H'{¥i, C «) Wf^ujx{D)) = and W{Fi, C ^ f^uJx{Dh)) = 

for any i > and j > 0. 

Proof. Let -P G be a general point and F = f^^{P) the fiber of /. By [XielOl 
Theorem 1.3], X is strongly liftable, hence there are a lifting X oi X and a lifting 
D + FcXoiD + FcX over W2{k). Since both X and X are birational to certain 
smooth projective toric surfaces through a sequence of blow-ups along some closed 
points, by a similar argument to the proof of Corollary 16.51 we can show that the 
linear system |F| is base point free, which gives rise to a Ty2(^)-iiiorphism / : X — >■ 
Fly^f^f^y By |EV92l Lemmas 8.13, 8.14] or [Xielll Lemma 2.2], it is easy to verify 

that 7 : {X,D) ^ (Pj^^(,),^,) is a lifting of / : {X,D) ^ (pi,^,) over W2{k). By 
Theorem 16.31 we obtain the required vanishings. □ 
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